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Black holes have an entropy proportional to the area of the horizon. The microscopic degrees of freedom that 
give rise to the entropy are not visible in the classical theory. String theory, a quantum theory of gravity, provides 
a microscopic quantum description of the thermodynamic properties of some extremal and near extremal charged 
black holes. The description uses properties of some string theory solitons called D-branes. In this description. 
Hawking radiation emerges as a simple perturbative process. The low energy dynamics of particle absorption and 
emission agrees in detail with the semiclassical analysis in the thermodynamic limit. 



1. Introduction 

Under a wide variety of conditions General Rel- 
ativity predicts that singularities will develop [Q . 
The cosmic censorship hypothesis states that un- 
der generic physical situations leading to gravita- 
tional collapse the resulting singularities will be 
covered by an event horizon |Q. This conjecture 
has not been yet proved but there exists great 
evidence that it is correct The area of the 
horizon is an interesting quantity since it always 
increases upon classical evolution this looks 
very similar to the second law of thermodynamics. 
The analogy became more precise when Hawking 
showed Q that quantum mechanics implies that 
black holes emit thermal radiation with a tem- 
perature obeying the first law of thermodynamics 
dM = TndS, where the entropy is S* = [||, 
M is the black hole mass and Ah is the horizon 
area (from now on we set h = I but keep Gn 1 ) • 
The area increase law becomes the second law of 
thermodynamics. If one includes Hawking radi- 
ation, the black hole mass decreases and so does 
the area of the horizon, but the total entropy, de- 
fined as = Ah/AGn + Srad, increases. It has 
always been a puzzle what the degrees of freedom 
that give rise to this entropy are. It seems clear 
that some quantum gravity will be necessary to 
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describe the microstates. String theory |Q is a 
theory of quantum gravity so one would natu- 
rally expect that it should give an answer to this 
question. But string theory is defined perturba- 
tively and black holes involve strong interactions 
due to their large mass. Only when some non- 
perturbative tools became available ||,^ could 
precise calculations be made jlo|. There are, how- 
ever, rough counting arguments that produce the 
right scaling for the entropy using just string per- 
turbation theory [pT|-|l3|. Our focus will be to 
explain the calculations that produce precise re- 
sults, which are valid presently only for a subset 
of all possible black hole configurations. For other 
reviews on this subject see [ |l4| . 

We are going to be treating charged black holes. 
The cosmic censorship hypothesis gives a bound 
for the mass of a black hole in terms of its charge 
M > Q (in appropriate units). The black hole 
with M = Q is called extremal. We will study 
extremal and near extremal {M — Q <^ Q) black 
holes and we focus on black holes in five space- 
time dimensions. In four spacetime dimensions 
the discussion is similar. In section 2 we write 
down the classical supergravity solutions we are 
going to describe. In section 3 we present the D- 
brane description of extremal black holes in five 
dimensions. In section 4 we study near extremal 
black holes, their entropy and their decay rates 
and we compare them to the semiclassical results. 
In section 5 we compute the greybody factors for 
emission of massless scalars. 
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2. Classical solutions 

We consider type IIB string theory compacti- 
fied on T^. Tlie low energy theory is the maxi- 
mally supersymmetric supergravity theory in five 
dimensions. It has 32 supersymmetry generators 
and it is the dimensional reduction of ten dimen- 
sional type IIB supergravity. The theory contains 
27 abelian gauge fields. The full string theory 
contains charged objects that couple to each of 
these gauge fields. These objects are: 5 Kaluza 
Klein momenta, 5 string winding directions, 5 D- 
string winding directions, 10 possible D-3-brane 
wrapping modes, a solitonic NS fivebrane, a D- 
fivebrane. All these charges are interchanged by 
U-duality transformations and they are all 
quantized. Therefore, we measure charges in in- 
teger multiples of the elementary units. 

We consider a black hole solution which has 
D-fivebranes wrapped on T^, Qi D-l-branes 
wrapped on an Si (we choose it as the direction 
9), and momentum P — N/R also along the di- 
rection of the D-string (direction 9). When we 
mention D-branes in the context of classical solu- 
tions we only refer to the charge that the solution 
is carrying, there are no explicit D-branes in the 
sense of anywhere in spacetime. We choose 
this set of charges because the string theory de- 
scription is simpler. Other black holes are related 
to this by U-duality transformations. Further de- 
tails about supergravity solutions can be found in 
R. Khuri's contribution to this volume [l^ . 

We start by presenting the ten dimensional so- 
lution iUtI 
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Also some components of the Ramond-Ramond 
three-form field strength H'^^j^ are nonzero since 



the solution carries Dl-brane and D5-brane 
charge. This solution is parameterized by the 
four independent quantities a, 7, cr, ro. There are 
two extra parameters which enter through the 
charge quantization conditions which are the ra- 
dius of the 9*'* dimension i?g and the product 
of the radii in the other four compact directions 
V = R^ReRiRs- The three charges are 
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where * is the Hodge dual in the six dimen- 
sions x'^ , ..,x^ . For simplicity we set from now on 
a' = 1. All charges are normalized to be integers. 
We have chosen a convention such that g 1/g 
under S-duality. Further explanations on the 
charge quantization conditions can be found in 

Reducing (|2|) to five dimensions using the stan- 
dard dimensional reduction procedure the 
solution takes the simple and symmetric form: 
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This is just the five-dimensional Schwarzschild 
metric with the time and space components 
rescaled by different powers of A. The event hori- 
zon is at r = tq. Several thermodynamic quanti- 
ties can be associated to this solution. They can 
be computed in either the ten dimensional or five 
dimensional metrics and yield the same answer. 
For example, the ADM energy is 
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The Bekenstein-Hawking entropy is 
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where A is the area of the horizon and we have 
used that the Newton constant is G]^ — Sn^g^. 
The Hawking temperature is 

T= . 

27rro cosh a cosh 7 cosh a 

The extremal hmit corresponds to 0, 
a, 7,(7 00 keeping the charges (||) finite. In 
that hmit the entropy (H) becomes 



(9) 



S = 27T^yNQiQ5 
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and the temperature vanishes. Note that the 
extremal entropy is independent of any continu- 
ous parameters |2^j2l|]. The extremal black hole 
backgrounds preserve some space time supersym- 
metries and therefore they are BPS states. In 
this case the cosmic censorship bound becomes 
identical to the supersymmetry BPS bound |22). 

The near extremal limit corresponds to rg small 
and a,7, cr large. The relative values of a,j,<7 
are related to the total contribution of the dif- 
ferent charges to the mass (0). The near ex- 
tremal black holes that are easiest to analyze in 
terms of D-branes are those where cr ^ a,7, or 
TOjfn <C fijT's, which means that the contribu- 
tion to the mass (Q) due to the D-branes is much 
bigger than the contribution due to the momen- 
tum excitations. This limit is called "dilute gas" 
|23| p^ . In this limit, the mass and entropy of 
the near extremal black hole become 

M = \ h ^ „ cosh 2(7 , (11) 

9 9 ^9 

S = 27T ^^^ " -\/QiQ5 cosh(7 . 
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Note that the five dimensional 
Reissner-Nordstr0m solution corresponds to the 
case of (3: = 7 = (7 which is not included in the 
dilute gas limit. 

All these black hole solutions will be well de- 
fined if curvatures are everywhere much smaller 
than a', since otherwise a' corrections to the low 
energy action become important. This generically 
implies that the sizes of the black hole should 
obey rijTsjTn 3> 1 (remember that a' — 1). The 
precise condition will be a little more complicated 
if some scale is very different from the others. If 



the compactification sizes are of the order of a' 
this implies that 



gQi>l, 5Q5>1, 5^A^>1 
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Note that we cannot enforce (|T^) by seting Q = 1 
and making (7 3> 1 since the condition (13) was 
derived in weakly coupled string theory, if g 3> 1 
the corresponding bound comes from light D- 
strings and implies again that Q ^ 1. There- 
fore black holes always involve large values of the 
charges. 

3. D-brane description of extremal 5d 
black holes 

We continue with type IIB string theory on 
rp5 = T'^ X . We consider a configuration of 
Q5 D-fivebranes wrapping the whole T^, Qi D- 
strings wrapping the and momentum N/Rg 
along the S^, choosing this to be in the direc- 
tion 9. All charges iV, QijQa are integers. For a 
review of D-branes see . We take the coupling 
constant g to be small and the radius Rg to be 
large. The total mass of the system is 
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and it saturates the corresponding BPS bound. 

We will calculate the entropy of this state in 
pcrturbative string theory. This calculation was 
first done by Strominger and Vafa [0. Since ex- 
tremal D-branes are boost invariant along the di- 
rections parallel to the branes they cannot carry 
momentum along by just moving rigidly. Our 
first task will be to identify the D-brane excita- 
tions that carry the momentum. The BPS mass 
formula for the whole system implies that these 
excitations have to be massless and moving along 
the since the excitation energy, defined as the 
total mass of the system minus the mass of the 
onebranes and fivebranes, is equal to the mo- 
mentum. If any excitation fails to be massless 
it would contribute more to the energy than to 
the momentum and the BPS mass formula would 
be violated. Excitations of the branes are de- 
scribed by massless open strings. There are many 
types of open strings to consider: those that go 
from one 1-brane to another 1-brane, which we 
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denote as (1,1) strings, as well as the correspond- 
ing (5,5), (1,5) and (5,1) strings (the last two 
being different because the strings are oriented). 
We want to excite these strings and make them 
carry momentum in the direction of the . Ex- 
citing some of them makes others massive |l^ 
so we have to find the way to excite the stings 
so that a maximum number remains massless, 
since this configuration will have the highest en- 
tropy. Let us start by working out the proper- 
ties of (1,5) and (5,1) strings. The string is de- 
scribed by the usual string action where two of 
the coordinates have Neumann-Neumann bound- 
ary conditions {X'^,X^), the four extended spa- 
tial coordinates have Dirichlet-Dirichlct bound- 
ary conditions {X^ , X'^ , , X'^) and the other 
four internal coordinates have Neumann-Dirichlet 
conditions {X^ , X^ , X'' , X^). The vacuum en- 
ergy of the worldsheet bosons is E = 4(— 1/24 -|- 
1/48). Consider the NS sector for the world- 
sheet fermions, the 4 that are in the ND di- 
rections will end up having R-type quantization 
conditions. The net fermionic vacuum energy 
is E = 4(1/24 — 1/48) and exactly cancels the 
bosonic one. This vacuum is a spinor under 
80(4)5678 and obeys the GSO chirahty condi- 
tion r^r^r^r^x = X- what remains is a two 
dimensional representation. There are two pos- 
sible orientations and they can be attached to 
any of the different branes of each type. This 
gives a total of iQiQ^ different possible states for 
these strings. Now consider the Ramond sector, 
the four internal fermions transverse to the string 
will have NS type boundary conditions. The vac- 
uum again has zero energy and is an S0(1, 5)091234 
spinor and, therefore, a spacetime fermion. Again 
the GSO condition implies that only the posi- 
tive chirahty representation of S0(1, 5)091234 sur- 
vives. When it is also left moving only the 2^ 
under SO(l,l)o9xSO(4)i234 survives. This gives 
the same number of states as for the bosons. 
Note that the fermionic (1,5) (or (5,1)) strings 
carry angular momentum under the spatial ro- 
tation group SO(4)i234 but the bosonic (1,5) (or 
(5,1)) strings do not carry angular momentum. 
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FIGURE 1: Configuration of intersecting D-branes. 
Open strings go between different branes 

The (1,1), (5,5) and (1,5) strings interact 
among themselves. We are interested in the low 
energy limit of these interactions. This corre- 
sponds to the field theory limit of the system 
of branes. If we take the size of the Si along 9 
to be very large this will be a 14-1 dimensional 
gauge theory. The Lagrangian is then deter- 
mined by supersymmetry and gauge invariance. 
The (1,1) and (5,5) strings are U(Qi) and VI^Qb) 
gauge bosons respectively and the (1,5) strings 
(and (5,1) strings) are in the fundamental (anti- 
fundamental) of U(Qi)xU(Q5). This Lagrangian 
was studied by Douglas ||26|] and it turns out 
that after these interactions are taken into ac- 
count only AQiQs truly massless degrees of free- 
dom remain. In gauge theory terms, one is in- 
terested in the Higgs branch of the theory which 
is 4(3i(55-dimensional. We will spare the details 
which can be found in [|l^ (page 52), and con- 
clude that the number of massless states is 4(3 iQs 
(with the same number of bosonic and fermionic 
states since the theory on the branes is supersym- 
metric). These massless degrees of freedom are 
described by a two dimensional conformal field 
theory ||l^, which accounts for the low energy 
excitations of the D-brane system. In fact, it is 
a (4,4) superconformal field theory, i.e. it has 
four left moving and four right moving super- 
symmetry generators. The rotational symmetry 
SO(4)i234 ~ SU(2)lx SU(2)fl of the four spatial 
dimensions acts on this superconformal field the- 
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ory as the SU(2)ixSU(2)fl; R-symmetries of the 
N=4 supersymmetry algebra in two dimensions. 
Notice that the chirahty in space becomes corre- 
lated with the chirality of the 1+1 dimensional 
theory. So that SU(2)l in spacetime acts on the 
leftmovers and similarly for SU(2)fl |^ . 

The BPS state that we are interested in has 
only left moving excitations so the rightmovers 
are in their ground state Eji = 0, The state 
counting is the same as that of a one dimensional 
gas of left moving particles with Nb,f = 4:QiQ5 
bosonic and fermionic species with energy E = 
El — -/V/_Rg on a compact one dimensional space 
of length L ~ 27ri?g. The standard entropy for- 
mula gives |l0| m 

= V^(27Vb + Nf)ELIQ = 2tt^/QiQ5N , (15) 

in perfect agreement with ( [Tc| ) , including the nu- 
merical coefficient. It might seem surprising that 
a system could have entropy at zero temperature, 
but this is a common phenomenon. Consider for 
example a gas of massless particles in a box with 
periodic boundary conditions constrained to have 
a fixed amount of momentum, at T = the en- 
tropy remains nonzero. This reason is exactly the 
same reason that black hole entropy is nonzero at 
T = 0. 

In our previous argument we implicitly took the 
D-strings and the fivebranes to be singly wound 
since we were assuming that the excitations car- 
ried momentum quantized in units of l/R. For 
large N, N ^ Q1Q5, the entropy is the same 
no matter how the branes are wound. However 
for N ^ Q1Q5 the winding starts to matter. The 
reason is that in order for the asymptotic entropy 
formula to be correct for low N we need to have 
enough states with small energies |Q. Let us 
study the effect of different wrappings. We first 
simplify the problem and consider a set of Qi 
1-branes wrapped on S^, ignoring for the time 
being, the 5-branes. We may distinguish the var- 
ious ways the branes interconnect. For example, 
they may connect up so as to form one long brane 
of total length R' = RQi. At the opposite ex- 
treme they might form Qi disconnected loops. 
The spectra of open strings is different in each 
case. For the latter case the open strings behave 
like Qi species of 1 dimensional particles, each 



with energy spectrum given by integer multiples 
of l/R. In the former case they behave more like 
a single species of 1 dimensional particle living 
on a space of length QiR. The result is a 
spectrum of single particle energies given by inte- 
ger multiples of . In other words the system 
simulates a spectrum of fractional charges. For 
consistency the total charge must add up to an 
integer multiple of 1/i? but it can do so by adding 
up fractional charges. 

Now let us return to the case of both 1 and 5 
branes. By suppressing reference to the four com- 
pact directions orthogonal to we may think of 
the 5 branes as another kind of 1 brane wrapped 
on S^. The 5-brancs may also be connected to 
form a single multiply wound brane or several 
singly wound branes. Let us consider the spec- 
trum of (1,5) type strings (strings which connect 
a 1-brane to a five-brane) when both the 1 and 
5 branes each form a single long brane. The 1- 
brane has total length QiR and the 5-brane has 
length Q5R. A given open string can be indexed 
by a pair of indices labeling which loop of 1- 
brane and 5-brane it ends on. As a simple exam- 
ple choose Qi ^ 2 and Q5 = 3. Now start with 
the [1, 1] string which connects the first loop of 
1-brane to the first loop of 5-brane. Let us trans- 
port this string around the S^. When it comes 
back to the starting point it is a [2, 2] string. 
Transport it again and it becomes a [1,3] string. 
It must be cycled 6 times before returning to the 
[1, 1] configuration. It follows that such a string 
has a spectrum of a single species living on a circle 
of size 6R. More generally, if Qi and Q5 are rela- 
tively prime the system simulates a single species 
on a circle of size Q1Q5R. If the Q's are not rela- 
tively prime the situation is slightly more compli- 
cated but the result is the same. A more detailed 
picture of how this happens is presented in |^ . 

We can easily see that this way of wrapping the 
branes gives the correct value for the extremal en- 
tropy. As above, the open strings have 4 bosonic 
and 4 fermionic degrees of freedom and carry to- 
tal momentum N/R. This time the quantiza- 
tion length is R' — Q1Q5R and the momentum 
is quantized in units of {QiQzR)~^ ■ Thus in- 
stead of being at level N the system is at level 
N' = NQ1Q5. In place of the original Q1Q5 
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species we now have a single species. The result 
is 

S = 2ttv^ = 2Tr^/NQiQ5 (16) 

So we have a long effective string that is moving 
along the fivebrane. In the extremal case, this 
effective string picture follows precisely from an 
analysis of the moduli spaces of BPS states |32| . 
What one actually has is a sum over multiple 
string states which one can call "second quan- 
tized" strings on a fivebrane [Q. The state in 
which they are all connected into a single long 
string is the one having most entropy. 

For completeness we will now present the same 
calculation but in a picture where we start with 
just D-fivebranes and we build up the charges as 
excitations of the D-fivebranes. We start with Q5 
D-fivebranes. The low energy theory on the five- 
branes is an U((55) supersymmetric Yang Mills 
with 16 supersymmetries (same amount as N=4 
in d=4). This theory contains BPS string soli- 
tons with are constructed as follows: if the five- 
branes are along the directions 56789, take an in- 
stanton configuration that involves the directions 
5678 and the gauge fields along those directions. 
The corresponding field configuration could be lo- 
calized in the directions 5678 but will be extended 
along the direction 9, so it is a string soliton. No- 
tice that, even though we call this solution an "in- 
stanton" in the sense that the Yang-Mills fields 
are self dual solutions of a YM theory in four 
dimensions (5678), the physical interpretation is 
that we have a string "soliton" which exists for all 
times. It turns out that each instanton that lives 
on the fivebrane world volume carries one unit of 
D-string charge due to a Chern Simon cou- 
pling on the fivebrane of the form 

J d^+^x B^" AF AF (17) 

since F A F will be proportional to the instan- 
ton number. We are interested in the case that 
the instanton number is Qi. So D-strings dis- 
olve into instantons when they get into fivebranes. 
In fact, giving an expectation value to the (1,5) 
strings corresponds to giving a size to the in- 
stanton p6| , p^ . This description makes sense, in 
principle, only when the mass of the fivebranes 



is much bigger than the mass of the D-l-branes 
in (|lj) , since otherwise the fivebranes would con- 
tain so much energy that they would no longer be 
described by the low energy YM theory. This in- 
stanton configuration is characterized by 4(5 iQs 
continous parameters which specify the intan- 
ton positions on the branes as well as their rel- 
ative orientation inside the V^Q^) gauge group, 
the space of these parameters is called "moduli 
space" . When we put some momentum along 
the direction 9, this momentum can be carried 
by small oscillations of the instanton configura- 
tion. We denote the instanton parameters by 
a = 1, .., 4(5i(55. They can be slowly varying 
functions £,""{1 — x^) representing traveling waves 
moving along the instantons. 

These are small oscillations in the parameters 
specifying the instanton configuration, i.e. oscil- 
lations in moduli space. Each bosonic mode has 
a fermionic superpartner and together they form 
a (4,4) superconformal field theory with central 
charge c = GQiQ^. A configuration carrying mo- 
mentum N corresponds to states in the SCFT 
with Lo ~ N and Zo ~ 0, the entropy of such 
states can be calculated using the CFT formula 
d{N) - fQj, ^j^g degeneracy of states 

at level N. This yields ( |l5| ) again. The moduli 
space of instantons is, topologically, a symmetric 
product: M = {T^)^^^'^ / S{QiQ^) [||J3|. This 
is the target space of the SCFT, in other words: 
^''(i,a;^) defines a map from i? x 5*1 to A^. Since 
we have twisted sectors there are low lying modes 
with energies of the order of 1/ RQ1Q5 which give 
rise to the long effective string picture described 
above. This picture where we start with only one 
kind of branes is the one that we would naturally 
use | |37|,p8t if we are working in the M(atrix) the- 
ory of p9| . 

We should also address the question of whether 
the system really forms a bound state, this is a 
question on the behavior of the zero modes on 
the moduli space. The analysis of |jl^ shows that 
they indeed form a bound state. Note that also 
for entropic reasons the state would stay together 
for a long time. 

It is interesting that when the momentum is 
not uniformly distributed along the string (the 
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9 direction) the D-brane calculation still agrees 
with the corresponding black hole result | |40[ |. 

In performing these calculations we have as- 
sumed that the coupling was weak. One might 
naively think that the only condition is 5 ^ 1. 
However, since there is a large number of branes 
there could be large N — Q effects which grow 
as gQ. At low energies these are just the large 
N effects of the Yang-Mills theory (note that the 
YM coupling is gvM — \/g)- In string theory 
they correspond to the possibility of inserting a 
hole on the worldsheet, each hole has a power of 
g and a factor of Q coming from the trace over 
Chan Paton factors. So the above calculations 
are correct when 



gQ< 1 



(18) 



On the other hand the classical black hole solu- 
tion is well defined when gQ ^ 1. The reason 
that we expect agreement (and find it) is that we 
are counting the number of BPS bound states and 
this number is not expected to change as we vary 
the coupling constant. Notice that indeed the ex- 
tremal black hole entropy (^0|) is independent of 
the coupling and all other continuous parameters. 

4. Near Extremal black holes 

We now turn to a discussion of near extremal 
five-dimensional black holes (§) (|l^)(|l|). For 
the reasons that we have just discussed we might 
naively not expect agreement in this case. How- 
ever, in the dilute gas regime, we are very close to 
a configuration of extremal Dl and D5 branes and 
supersymmetry non-renormalization arguments 
do indeed help us and explain the agree- 

ment that we are going to find. We are going to 
consider a weakly coupled system of D-branes but 
we will always restrict to the low energy approx- 
imation. We will see that for the near-extremal 
case the agreement between the two approaches 
is just as impressive as in the extremal case. The 
D-brane model is a low energy approximation to 
the full quantum dynamics of black holes. The 
energy should be low compared to the scale set 
by gravitational size of the black hole defined 
as the radius at which the redshift of a static ob- 



The condition on the energy becomes wr^ <^ 1, 
where uj represents the typical energy of the brane 
excitations, as well as the Hawking temperature 
of the system . We will not go into the details 
of the justification of this extrapolation which can 
be found in ^ . 

We start with a system of ID-branes and 5-D 
branes as before and we add some extra energy 
and momentum to the system. This energy ex- 
cites the massless left and right moving modes 
of the instanton configuration. In the instanton 
picture we say that we are creating left and right 
moving excitations on the moduli space, S,^ {t, x^). 
Using the black hole formulas (^ , ([lT|) we calcu- 
late the energies of the left and right movers 
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liH^ «^ cosh 2a 

^ R ' 



N = 



R^Vrl 



sinh 2(j = Nl- Nj^ 



(19) 



(20) 



(21) 



server becomes of order one, ~ gQ 



In this fashion we can calculate f^h.R in terms of 
the black hole parameters. The entropy calcula- 
tion proceeds as in the extremal case. We work 
in the multiply wound picture with 4 bosons and 
4 fermions with effective iV£ ^ = QiQ5Nl,r- We 
find that 

27r( 77^+ / ^) 
= 2Tr^QiQ5NL + 2'Ky/QiQ^NR . 

We see that this result agrees with the near ex- 
tremal entropy in the dilute gas limit ( |l^ ) once 
we use ( |l9| ) (po|). This is the simplest case, if 
we want to consider more general near extremal 
black holes, including Reissner-Nordstr0m, one 
has to include other excitations besides the right 
movers p8| , ^ and the arguments are not so well 
justified. 

These non-BPS states will decay. The sim- 
plest decay process is a collision of a right mov- 
ing excitation with a left moving one to give a 
closed string mode that leaves the brane. We 
will calculate the emission rate for uncharged 
particles. The basic process is a right moving 
mode with momentum pg = n/ RgQiQ^ collid- 
ing with a left moving one of momentum pg — 
—n/R()QiQ5 to give a closed string mode of en- 
ergy ui = 2n/ RQiQ^. Notice that we are con- 
sidering the branes to be multiply wound since 
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that is the configuration that had the highest en- 
tropy. If the momenta are not exactly opposite 
the outgoing string carries some momentum in 
the 9*'' direction and we get a charged particle 
from the five dimensional point of view. Notice 
that the momentum in the 9*'' direction of the 
outgoing particle has to be quantized in units 
of l/i?9, only particles on the branes can have 
fractional momenta!. This means that outgoing 
charged particles have a very large mass, and that 
they are thermally suppressed when Rg is small. 
All charged particles have masses of at least the 
compactification scale. 



Right mover 




Hawking Radiation 
Closed string massless modes 



Compact dimensions 



Extended dimension 

FIGURE 2: D-brane picture of the Hawking 
radiation emission process. 

In other words, wc have a very long effective 
string winding around the compact direction 9, 
it can oscillate along the other 4 compact dimen- 
sions (5678) and it emits gravitational quadrupole 
radiation. The graviton is polarized along the 
compact directions and is a scalar from the point 
of view of the five dimensional observer. 

We will calculate the rate for this process ac- 
cording to the usual rules of relativistic quantum 
mechanics and show that the radiation has a ther- 
mal spectrum if we do not know the initial micro- 
scopic state of the black hole. 

The state of the D-branes is specified by giving 
the left and right moving occupation numbers of 



each of the bosonic and fermionic oscillators. In 
fact, the near extremal D-branes live in a subsec- 
tor of the total Hilbert space that is isomorphic to 
the Hilbert space of a 1+1 dimensional CFT. The 
initial state can emit a closed string mode 
and become /)■ The rate, averaged over initial 
states and summed over final states (as one would 
do for calculating the decay rate of an unpolarized 
atom) is 



dV 



E^J\{^f\H^nt\ 



\ |2 



R 



(22) 



We have included the factor due to the compact- 
ified volume RV . The relevant string amplitude 
for this process is given by a correlation function 
on the disc with two insertions on the boundary, 
corresponding to the two open string states and 
an insertion in the interior, corresponding to the 
closed string state. We consider the case when 
the outgoing closed string is a spin zero boson 
in five dimensions, so that it corresponds to the 
dilaton, the internal metric, internal B^^ fields, or 
internal components of RR gauge fields. This disc 
amplitude, call it is proportional to the string 
coupling constant g and to [Q . The reason for 
this last fact is that it has to vanish when we go to 
zero momentum, otherwise it would indicate that 
there is a mass term for the open strings (since 
one can vary the vacuum expectation value of the 
corresponding closed string fields continuously). 
In conclusion, up to numerical factors. 



(23) 



Note that performing the average over initial 
and summing over final states will just produce a 
factor of the form pL{n)pii(n) with 



(24) 



where Ni is the total number of initial states and 
is the creation operator for one of the 4 bosonic 
open string states. The factor pL{n) is similar. 
Since we are just averaging over all possible ini- 
tial states with given value of Nb., this corre- 
sponds to taking the expectation value of aj^a^ 
in the microcanonical ensemble with total energy 
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Ejj = Nii/Rq = N'j^/RgQiQt^ of a one dimen- 
sional gas. Because N'j^ is large compared to one, 
we can calculate ( p^ ) in the canonical ensemble. 
The occupation number is then 



1 - 

We can read off the "right moving" temperature 



Tr- -- 



n R \ Q1Q5 



(25) 



There is a similar factor for the left movers pL 
with a similar looking temperature 



Tr 




(26) 



In fact it would be more accurate to say that there 
is only one physical temperature of the gas, which 
agrees with the Hawking temperature of the cor- 
responding black hole. 



1 



1 



Th " 2^Tl ^ Tr' 



(27) 



and that T£;^ = r^^(l ± /x) are some natural 
combination of the temperature and the chemical 
potential, which gives the gas some net momen- 
tum. Using the values for Nl,r from ( |T9| ) ( |2C| ) we 
find 



Tr 



1 roe" 



'-R 



1 roe 



(28) 



The expression for the rate is, up to a numerical 
constant, 



1 



■\AfQxQ^RpR{u:)pL{'^) (29) 



where A is the disc diagram result. The fac- 
tor Q1Q5R is a volume factor, which arises from 
the delta function of momenta in ( p^ ) 6{iL! — 
2n/ RQ1Q5) ^ RQiQd- The final expression for 
the rate is, using (P3| ) in (p9|). 



1 



1 



(30) 



We have not shown here how to calculate the pre- 
cise numerical constant in front of ( |3C| ) , this pre- 
cise calculation was done in |^ , and we refer the 
reader to it for the details. 

If we are considering a black hole which is 
very close to extremality with nonzero momen- 
tum N ^ Nl '» Nr then we find from (|6|)(|2|) 
that Tl 3> Tr. Examining the expression for the 
rate ( pO[ ) we see that the typical emitted energies 
are of the order of Tr. Therefore, we can approx- 
imate the left moving thermal factor by 



PL 



2Tl 



(31) 



and replacing it in (pO) we find 



dT 



271- g 



RV 



e^'R -1 



= A 



(32) 



where Ah is the area of the horizon. We con- 
clude that the emission is thermal, with a physical 
Hawking temperature 



Th = 2Tr 



(33) 



which exactly matches the classical result (H). 
The area appeared correctly in ( pO| ) . Actu- 
ally, the coupling constant coming from the string 
amplitude A is hidden in the expression for the 
area (area = 4G^S'). The overall coefficient in 
(|3^ ) matches precisely with the semiclassical re- 
suh 11. 

Notice that if we were emitting a spacetime 
fermion then the left moving mode could be a 
boson and the right moving mode a fermion, this 
produces the correct thermal factor for a space- 
time fermion. The opposite possibility gives a 
much lower rate, since we do not have the en- 
hancement due to the large pL (pT)). 

When separation from extremality is very 
small, then the number of right movers is small 
and the statistical arguments used to derive ( |30| ) 
fail. Semiclassically this should happen when the 
temperature is so low that the emission of one 
quantum at temperature T causes the tempera- 
ture to change by an amount of order T . This 
means that the specific heat is of order one. This 
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happens when the mass difference from extremal- 
ity is @ 



5Mm,r,. = M - M, 



BPS 



(34) 



for a Reissner-Nordstr0m black hole, with re be- 
ing the Schwarzschild radius of the solution. The 
D-brane approach suggests the existence of a 
mass gap 

2 



which using (||) scales like (|3^). This is an ex- 
tremely small energy for a macroscopic extremal 
black hole. In fact, it is of the order of the kinetic 
energy that the black hole would have, due to the 
uncertainty principle, if we want to measure its 
position with an accuracy of the order of its typi- 
cal gravitational radius r^: SM ~ (Ap)^/Af with 
Ap ~ 1/rs. 

Now we calculate the entropy of a rotating 
black hole in five dimensions . The angular 

momentum is characterized by the eigenvalues on 
two orthogonal two-planes, Ji, J2, for example Ji 
corresponds to rotations of the 12 plane and J2 to 
rotations of the 34 plane. In terms of the J3 eigen- 
values Jl, Jr of the SU(2)lX SU(2)j^ -S0(4) de- 
composition of the spatial rotation group we find 



Ji — Jl + Jr 



J?. — Jr, — Jh 



(36) 



As wc mentioned above Jr, Jl are carried by 
right and left movers respectively. They are also 
the eigenvalues of U(l) appearing in the super- 
symmetry algebra. States carrying U(l) eigen- 
value J have conformal weight bigger than A = 
6J^/c where c = 6Q1Q5 is the central charge. 
The states with minimum conformal weight cor- 
respond to states e*'^'^|0), where j = j^dcp is the 
U(l) current. In the total left moving energy Nl 
there is an amount J^/QiQs which we are not 
free to distribute. It is fixed by the condition 
that the system has angular momentum Jl, so 
the effective number of left movers that we are 
free to vary is Nl = Nl — Jl/QiQs- The same 
is true for the right movers, so that the entropy 
becomes 



5= 2^V QlgI(Vj Vz 



which agrees with the classical entropy formula of 
a rotating black hole in the dilute gas regime ji^ . 
Actually, in five dimensions we can have rotating 
BPS black holes by setting Nr = Jr = 0, this im- 
plies Jl = J2. Again the corresponding formula 
agrees with the classical entropy formula but the 
restriction to the dilute gas regime is no longer 
necessary since the computation is protected by 
supersymmetry. 

5. Greybody factors 

The D-brane emission rate into massless scalars 
is given by (^0|). More precisely that is the emis- 
sion into minimally coupled scalars, scalars that 
in the supergravity theory are not coupled to the 
vector fields that are excited in the black hole 
background. According to the semiclassical anal- 
ysis the emission rate should be 



dT = a{u;,ro,a,^,a)^^ 



1 



1 



(38) 



Jl + 2tt^NrQiQ5 - J'r 



where <j(uj, tq, a, 7, a) is the absorption cross sec- 
tion of the black hole which is a function of the 
various parameters specifying the black hole so- 
lution (^). In the usual Schwarzschild black hole 
case the only scale in the solution would be the 
Schwarzschild radius r^. This emission rate ( |38|) 
has the same form for any body emitting thermal 
radiation. The absorption cross section comes in 
because of detailed balance: in order for the body 
to be in equilibrium with a bath of radiation it 
has to absorb as much as it emits. The prefactor 
in ( p8| ) is usually called greybody factor, since it is 
what makes bodies grey instead of black. At first 
sight, the semiclassical rate ( |3^ ) does not seem 
to be in agreement with the D-brane rate ( |30| ) 
since one has two exponential factors and the the 
other seems to have only one. In order to see 
whether they really agree we should calculate the 
greybody factor. It turns out that the greybody 
factor is precisely such that these two calculations 
to agree. We now describe this calculation. 

We consider the scattering of scalars from a 
five dimensional black hole in the dilute gas limit 
''Oi^ri ^ ''ij^s- We also restrict to low energies 
satisfying uj <C 1/ri , l/r5 but there is no restric- 
tion on -^^^ or in other words, no restriction 
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on lo/Tl, <^ITr- We follow the notation of pij , 
where further details of the geometry may also 
be found. The wave equation in this background 
becomes 

Ai.,3^^+.^A0 = O, (39) 
ar ar 

where A, h are defined in (j^). 

We divide space into a far region r ^ '''i , '"s 

and a near region r ^ l/uj and we will match 

the solutions in the overlapping region. In the 

far region, the equation is solved by the Bessel 

functions 

(b=^[aMp)+l3J.,ip)]. (40) 

with p = ojr and i/^ = 1 — e, where e = a;^(rj+r|) 
is very small and we keep it to simplify the form 
of the intermediate equations but will disappear 
from the final answer. From the large p behavior 
the incoming flux is found to be 
1 



fin = Im{4>*r-^dr 



2TTU!' 



\ae 



-ii^7r/2|2 



(41) 



On the other hand, the small p behavior of the 
far region solution is 



+/3(f)-nrF^-0(p^)) 



(42) 



Now we turn to the solution in the near region 
T <C 1/w. Defining v = r^/r^, the near region 
wave equation is 



dv 



^ D E 

V 



= 0(43) 



lis. 



D 



4r^ 



(44) 



(45) 



where 

E= 
Defining 

(j) = -t;-(''-i)/2(l - vy'^^AF 

with A a constant, we find that the solution to 
( ^3| ) with only ingoing flux at the horizon is given 
by ( |45| ) with the hypergeometric function 

F{a,b,c;l-v) 
a =-„/2 + l/2 + tj^ 
b = -iy/2 + l/2 + i- "' 
c = 1 + i " 



(46) 



The behavior for small v can be calculated 
by expressing the hypergeometric function (^6|), 
which depends on 1 — v, in terms of hypergeomet- 
ric functions depending on v and then expanding 
in V. Matching this with (E2|) wc find 



a/2 = 
/3< 



A 



r(n 



r(i+i 



The absorbed flux is 
fabs = Im{(j)*hr^dr<l)) 



-)r(i+». 



(47) 



(48) 



The absorption cross section for the radial prob- 
lem is given by the ratio of the two fluxes (ji^ ) 
(|4l|). The plane wave cross section is obtained by 
multiplying by Att/uj'^ 



Cabs = TT^rlrlio 



^ - 1 



(49) 



where the exponential terms come from the 
gamma functions in (^) . We see that it has pre- 
cisely the right form to make the D-brane result 
( |3^ ) agree with the semiclassical calculation (p8|). 

These greybody factor calculations have been 
generalized to various cases. One possible gener- 
alization is to consider the emission of scalars that 
are not minimally coupled, in some cases precise 
agreement is found j4^] |Q. From the D-brane 
point of view the difference between these scalars 
and the one that wc have been considering is in 
the conformal weight of the operator on the ef- 
fective SCFT that they couple to. The minimally 
coupled scalars couple to operators of dimension 
(1,1) (like dXdX) while the scalars in couple 
to operators of conformal weights (2,2) or (1,2) in 
||5C|]. There is still some puzzling disagreement for 
the case of operators of weight (3,1) |5^, which 
hopefully will be resolved soon! . Another general- 
ization is to consider the emission of higher partial 
waves |^,|^,|3|. These calculations of greybody 
factors shows that some of the features of the 
near extremal geometry are encoded in the dy- 
namics of the 1-1-1 dimensional gas (or the CFT). 
Since the wavelengths of the particles we scatter 
are much bigger than the size of the black holes 
it is hard to get precise information about the 
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metric. A more direct way to obtain informa- 
tion about the metric is by using D-brane probes 
l lsst - In that approach one starts from D-branes 
in flat space and by integrating out the massive 
stretched open strings one obtains an action for 
the probe D-branes that is at some distance from 
the rest of the branes. This action is then inter- 
preted as the action of a D-brane in the presence 
of some classical supergravity background. This 
works to one loop |5^,|5^ but the status of the 
higher loop contributions is unclear. 

The four dimensional black holes have a similar 
description ||57|-|59|]. 

These results have clear implications in the in- 
formation loss problem. 
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